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Abstract

This paper presents a statistically and computationally efficient algorithm for
direction finding of a single far field source using a multi-sensor array. The algorithm
extracts the azimuth and elevation angles directly from the estimated time delays
between the array elements. Hence, it is referred to herein as the Time Delay Direction
Finding (TDDF) algorithm. An asymptotic performance analysis, using a small error
assumption, is conducted. For any 1-D and 2-D array configurations, it is shown that
the TDDF agorithm achieves the Cramer Rao Lower Bound (CRLB) for the azimuth
and elevation estimates provided that the noise is Gaussian and spatially uncorrected
and that the time delay estimator achieves the CRLB as well. Moreover, with the
suggested algorithm no constrains on the array geometry are required. For the general
3-D case the algorithm does not achieve the CRLB for a general array. However it is
shown that for array geometries which obey certain constraints the CRLB is achieved
aswell.

The TDDF algorithm offers several advantages over the beamforming
approach. First, it is more efficient in terms of computational load. Secondly, the
azimuth estimator does not require the a-priory knowledge of the wave propagation
velocity. Thirdly, the TDDF algorithm is suitable for applications where the arrival
time is the only measured input, in contrast to the beamformer, which is not applicable
in this case.

PACS# 43.60.Gk , 43.60.Cg



1. Introduction

In various applications of array signal processing such as radar, sonar and
seismology, there is a great interest in detection and localization of wideband sources'.
The problem of estimating the direction of arrival (DOA) of wideband sources using a
sensor array has been studied extensively in the literature >**. A common approach®”’
to this problem, for a single source scenario, is to use the time delay estimation
between two sensors to determine the DOA. Many techniques for estimating the travel
time delay between two receiving sensors have been investigated , see e.g. #”. For the
single source and a multi-sensor case, Hahn and Tretter® introduced the Maximum
Likelihood (ML) delay-vector estimator. ML DOA estimators for the multi sensors and
multi sources case have also being studied extensively *#**

It is well known ™ that the ML DOA estimator, for the single source case with
a spatially uncorrelated noise, can be realized as a focused beamformer. In this paper
an alternative approach is proposed, in which the DOA is extracted directly from the
estimated time delays between the array elements (referred to as the time delay vector).

1011 where the

This approach is an extension to the multi-sensor case, of the work in
DOA is extracted from the time delay between two sensors for the far field case.

The suggested Time Delay Direction Finding (TDDF) agorithm utilizes the
linear relationship between the time delay vector and the DOA vector in Cartesian
coordinates. This linear relationship allows a closed form estimation of the DOA
vector. The transformation to polar coordinates i.e. azimuth and elevation is

straightforward for 1-D and 2-D array geometrics. For arbitrarily chosen 3-D array

configurations, the best estimator requires a simple non-linear least squares



minimization. Alternatively, a closed form suboptimal solution for the 3-D
configuration is also suggested. Finally it is shown that the TDDF azimuth and
elevation estimator achieves the CRLB provided that the time delay estimators

achieves the CRLB as well

2. Methods

2.1 The Time Delay Direction Finding (TDDF) Algorithm:

Consider an array of M identical omni-directional sensors with a known
arbitrary geometry measuring the wavefield generated by a single farfield wideband

source in the presence of an additive noise. Let 1; denote the location of the i-th
sensor, where 1, =[x, y;,z] for the 3-D array, 1, =[x;,y;] for the 2-D case, and
r. =[x] for the1-D case, andletf andqg denote the azimuth and elevation angles of

the radiating source, respectively (see Fig. 1).
Let us now define the differential delay vector,

U=ty bty o Jtow| s t,, ot -ty @

where the first sensor serves as a reference. The signa DOA vector for the far field
case isgiven by:
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The time delay between any two sensors is equal to the projection of the

distance vector between them along the k vector divided by the sound velocity.

Consequently, the delay vector can be expressed as follows:

u

a
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where c is the wave velocity and the matrix R is composed of the distance vectors

between all the sensors and the reference sensor.

The objective is to estimate k from the measured time delay vector f .
Studying Eq.(3), it is evident that the problem is overdetermined. Thus, it is suggested
to apply the least squares (LS) method to obtain the estimation. Defining the error as

the difference between the measured time difference vector and the evaluated time
vector (calculated from the assumed k vector), the error vector is given by:
aRk »0
e=c—+7T=+. 4
E€c o @)

In the general case, the measurement errors of the time delay vector need not

be uncorrelated. Hence, the solution depends on the covariance matrix L of the

delays measurements which is defined by,

L =g{tt"} - g{t}ef} = cov{i] , 5)
where E{} denotes the expected value operator. The problem is “over determined” for

M>3. The LS solution for Ii , the DOA vector, in this case is given by™:

~ - .‘.%u-(’ T B
k = ArgMin | T+t+ L g—+t:’ (6)
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Thus, estimating the DOA vector becomes a simple multiplication between the
measured time delay vector T and a data independent matrix B . The matrix B
depends on the array geometry (through R) and the time delay covariance matrix
which under the assumption of spatially uncorrelated noise is known a-priory up to a
multiplicative factor which cancels out in this equation. Consequently, it can be
calculated off-line.

In order to express the DOA vector in terms of azimuth and elevation, one has
to write the vector Ii in a polar coordinate representation. For a 1-D array
configuration only IZX can be estimated. Hence, assuming horizontal elevation, the
azimuth angle is given by:

" = cos™ (k). (7
With a 2-D array, both the azimuth and elevation angles can be calculated by:
f=tan'(k, / k), (8a)

]JZé

d = cos(k,) = cos ‘§1- (k2 +k,?)) 8. (8b)
For the case of a 3-D array, Eq.(2) yields three non-linear equations with two
unknowns(f,q). Again the problem is over determined. Thus, the azimuth and
elevation angles (f,q) can be evaluated as the nonlinear least square estimator solving
Eq.(2)
i

(f.a)= Arfgznn i(k - k(' ))T L-kl(li - k(g ))?5’ 9



where L is the covariance matrix of vector k , which is given in Appendix A

(Ea.(14)).

An aternative simplified close-form suboptimal_estimate is proposed by:

f=tan'(k, / k), (10a)
~ PP ~ D \V2 [ g
d =tan gk +k2) k8. (10b)

In appendix A. the performance of the TDDF algorithm is analyzed, and it is
shown that it is asymptotically efficient. Furthermore, it is shown that under certain
geometrical constrains for the sensors arrangement even the closed form 3-D solution
achieves the CRLB .

Importantly, it should be noted, that the azimuth estimates given above for the

2-D and 3-D array configurations, are independent of the wave velocity ¢, (stemsfrom
the fact that the solutions are given in terms of the ratio between |2y and IZX , and both

are a linear function of c). Therefore, errors in the assumed sound speed will not

induce errors in the azimuth angle.

2.2 Performance analysis

In appendix A. the covariance matrix for (f ,q)is calculated. The performance of the
TDDF estimator is compared to the theoretical CRLB. It is shown that for the 1-D and
2-D cases the estimator is asymptotically efficient since it achieves the bound. For the
3-D case the closed form estimator given in Eq.(10) is not always efficient. However,

we derived constrains on the array geometry in which the CRLB is also achieved.



3. Results

In this section, the performance of the TDDF algorithm is demonstrated via

numerical simulations and by experimental results.

3.1 Numerical Simulations

Simulations were conducted for 2-D and 3-D arrays. The 2-D array was
comprised of randomly located 7 sensors, as shown in Fig. 2(a). In the first set of
simulations the source was positioned at a fixed location with an azimuth angle of 60°

and an elevation of 30°. The SNR was scanned in the range of -10dB to +10dB , the
integration time was 50ms, and the frequency bandwidth was 500-1500Hz. The noisy
estimates of the time delay vectors were generated as Gaussian random vectors with a

covariance matrix L, given in equation Eq.(12). The propagation velocity was taken

to be 340nvsec.

Five hundred Monte Carlo runs were performed for each SNR value. The
azimuth angle was calculated with the TDDF algorithm and the corresponding errors
were computed. The standard deviation of the localization errors was then estimated.
For comparison, the CRLB was also calculated as explained in appendix A. The results
are depicted in Fig.3. For clarity of presentation, only 50 azimuth estimation errors are
plotted (as small dots) at each SNR level. The standard deviation of the TDDF
estimator are depicted as circles and the corresponding CRLB is depicted as a solid
line for the entire range. It can be seen that the standard deviations of the TDDF
estimator are effectively located on the CRLB line (in accordance with the

mathematical derivation given in appendix A).



In a second set of simulations, the same 2-D array was used. The SNR was
held fixed at -6dB. The elevation angle was set to 50°, and the azimuth angle was

scanned in the range of 0° - 360°. The corresponding CRLB line was calculated and
the standard deviation of the TDDF estimator was evaluated for each angle. Figures
4(a) and 4(b) display the errors of the TDDF algorithm for the azimuth and elevation,
respectively. From these curves it is observed that the TDDF estimator achieves the
CRLB, both in azimuth and elevation, for a 2-D array with an arbitrary geometry.

In the third set of simulations the 3-D array shown in Fig. 2(b) was used. This
array has 6 sensors equally distributed on a circle with a radius of 01m and the
seventh sensor is located 01’ above the center of the array. The SNR was again held
fixed at -6dB. The azimuth was set to 20°, and the elevation angle was scanned in the
range 0°- 180°. The following quantities were calculated this time: the CRLB, the
standard deviation of the TDDF estimator, and the theoretical standard deviation
calculated from Eq.(25). Figures 5(a) and 5(b) plot these quantities as a function of the
elevation angle.

The 3-D array used here obeys the condition given in Eq.(27). Consequently,
the CRLB is achieved for the azimuth TDDF estimates (Fig.5(a)). For the elevation
angle, however, the obtained estimate errors are larger than the CRLB.  This
observation is consistent with the fact that the array geometry does not comply with
condition given in Eq.(29). Nevertheless, the degradation is moderate for this array
configuration. This implies that the closed form estimation given by equation set .(10)
is sufficiently accurate for practical purposes. Finaly it can be observed that the
estimated errors match the theoretical standard deviations predicted by Eq.(25). It

should also be noted that bias was also estimated in all the above simulation and was



found negligible (two orders of magnitude smaller than the variance contribution to the
total error).

In practical applications it is usually not easy to obtain the optimal estimate for
the time delay vector t. In the last numerical example we demonstrate the performance
of the TDDF agorithm when using a suboptimal estimator for the time delay vector as
presented in appendix C. The time delay vector was estimated via a cross-correlation
between the reference sensor (#1) and the other sensors. The performance of the
TDDF algorithm is compared to that of a beamformer. This simulation uses the 2-D
array consisting of 3 microphones which is shown in Fig 2c. The source direction was
set at an azimuth of 30° and an elevation angle of 90°. The SNR was scanned in the
range of -10dB to +10dB. Here, the simulation generates the time record of the sensor
data assuming spatially uncorrected noise. Both the signal and the noise were random
Gaussian variables with a bandwidth of 100-3000 Hz. In order to perform the beam
steering required in the beamformer the data were interpolated by a factor of 10. The
standard deviation error of both estimators was estimated by 100 Monte Carlo runs.
The standard deviation of the TDDF estimate are depicted by asterisks in figure 6
while the standard deviation of the Beamformer is denoted by circles. As can be seen
for most of the studied SNR range the performance of the TDDF is the same as that of
the beamformer. However, the threshold point for the TDDF appears at SNR=-3db
which is higher than the threshold observed for the beamformer (-6db). This result is
not surprising since the TDDF is not an ML estimator as the beamformer. Potentially
there are two factors that can cause the performance of the TDDF to collapse. The
first is the time delays vector estimation process, and the second is the nonlinear

operation for estimating g. In all the cases we have tested, the time delay estimate was



the first one to diverge. Practically it was observed that the cross-correlation function
have generated spurious peaks at low SNR, and this is probably the main cause for the

performance diverges at low SNR.

3.2 Experimental Results

A 3-D array consisting of 7 microphones (AudioTechnica MT350B) arranged
in the same configuration depicted in Fig2(b), (Radius=0.1m’, height=0.1m"), was
used. Two experiments were conducted. In the first experiment the array was located
in an unechoic chamber (internal dimension of 1.7 x1.7x1.7 m’'). In the second
experiment the array was placed in an ordinary room. The sound source was a
recorded male voice (Richard Burton) reading a 20-second long sentence. The signal
was played via a loudspeaker located 1.5 m' from the array. The outputs of the array
were recorded using an 8-channel tape recorder (Sony-pc208A). The time delay
between the sensors and the central microphone was estimated by filtering the data by
a band pass filter 500-1500 Hz, and performing a cross-correlation process. The
integration time was 40 ms, yielding about 500 independent measurements to estimate
the system performance. After completion of each set of measurements, the array was
rotated by 30° and the procedure was repeated.

The azimuth angles corresponding to each set of measurements was estimated
using the TDDF algorithm. The standard deviation of the errors for the TDDF
estimates was then evaluated. The results are outlined in Fig. 7 . The data from the
unechoic chamber is denoted by ‘0’ and the data from the regular room is presented by

‘**. As can be observed the average TDDF error for the unechoic chamber experiment

was about 15°. The second experiment was held in the regular room, and the average



error was about 5°. This degradation is attributed to the room reverberations and the
background noise. We have measured the reverberation time in both rooms. In the
unechoic chamber the reverberation time was about 10-ms, while in the regular room
the reverberation time was about 250-ms. Thus, we believe that the room reverberation

was the major cause for the degradation in the accuracy of the direction estimates.

4. Discussion

This paper presents and analyzes the Time Delay Direction Finding (TDDF)
algorithm for a single emitting source using a multi-sensor array. The agorithm
extracts the azimuth and elevation angles directly from the estimated time delays
between the array elements. The algorithm offers computational simplicity as it utilizes
the linear relationship between the time delay vector and the DOA vector in Cartesian
coordinates. This linear relationship allows a closed form estimation of the DOA
vector.

An asymptotic performance analysis of the TDDF algorithm, using a small
error assumption is performed. For the 1-D and 2-D array configurations it is shown
that the TDDF algorithm achieves the Cramer Rao Lower Bound (CRLB) provided
that the time delay vector estimator achieves the CRLB as well. This was proven
mathematically in appendix A and was demonstrated by numerical simulations. For a 3-
D array configuration a suboptimal closed form estimator is presented (Eq.(10)).
Nevertheless, it is shown that when using array geometries that obey certain constrains
the closed form solution also achieves the CRLB. If the array obeys the condition

given by EQ.(27), then the azimuth estimation is statistically efficient. Furthermore, if



the array also obeys the constrains that are given in Eq.(29), the estimator is efficient
for the elevation angle as well.

Numerical and experimental results were given to demonstrate the performance
of the TDDF algorithm. The experimental results with a 7 microphone array have
shown that in an unechoic chamber the average TDDF azimuth error was about 1.5
degrees, while in a regular room the average error was about 5 degrees. These results
indicate that the TDDF can serve as a practical tool for passive localization of a single
radiating source.

The proposed TDDF algorithm offers several advantages over the popular
beamforming approach™ . First, the TDDF agorithm is considerably more efficient in
terms of computational load. It calculates the azimuth and the elevation angle directly
from the estimated time delays, and does not involve a two dimensional search over the
array manifold as the beamformer.

Secondly, for the 2-D and 3-D array configurations, the TDDF algorithm does
not require the a-priory knowledge of the propagation velocity to estimate the azimuth,
see Eq.(8a) and EQ.(10a). respectively. This property of the TDDF is very useful in
acoustic applications where uncertainty in the propagation velocity occurs due to wind
and temperature variations *’. This is contrary to the beamformer , which uses the
wave propagation velocity as input. In principle the beamforming process could scan
the velocity as an additional unknown parameter, however this would substantially
increase the computational load as an additional parameter would have to be scanned.

The third advantage of the TDDF method, arises in applications where the
signal is a very short transient and the arrival time of the pulse is directly measured by

the system hardware. Since only the time delays are avallable in this case the



beamforming is not applicable. For TDDF agorithm on the other hand this information
is sufficient.

Findly, in certain acoustic and geophysical applications, loss of spatial
coherence of the signal received at the sensors may occur if the distance between the
sensors is large ¥, thus precluding the use of the beamforming approach. In such
cases, nevertheless, time delay between sensors can still be estimated via incoherent
processing means, such as time of arrival difference, and the TDDF algorithm is still
applicable.

The TDDF has one mgjor disadvantage. It is limited to a single source scenario.
The beamformer algorithm on the other hand can localize more then one source,

provided that the angular separation between the sensors is more then the beam-width.
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Appendix A

Performance Analysis of the TDDFE Algorithm

In order to evaluate the performance of the TDDF algorithm, analytic
expressions for the accuracy of the azimuth and elevation estimations for the 1-D, 2-D
and 3-D cases are first derived. These expressions are then compared to the expression
of the CRLB as derived by Neilsen.'® and cited in Appendix B.

For uniformity and simplicity of notations let usdefine g =f for the 1-D case,
and g =(f,q)" for the 2-D and 3-D cases. Under the assumption of small errors the
covariance matrix of g can be expressed as.

L, =NgxL, xNig=N.gxN k=, =N kxN;g (11)

where L, is the covariance matrix of the vector x, and ny is the gradient (Jacobian)
of ywithrespect to X . Again for a small error assumption it can be verified that the

DOA estimates are asymptotically unbiased, thus the covariance matrix represents the
total error of the estimator.

Clearly, the performance of the TDDF algorithm depends on the covariance
matrix of the time delay vector. To demonstrate the performance of the TDDF
algorithm we shall assume that the time delay vector estimator achieves the CRLB. An
efficient algorithm for estimation of the time delay vector assuming that both the signal
and the noise are zero mean uncorrelated Gaussian processes, and the noise is spatially
uncorrelated, has been proposed and studied by Hahn and Tretter®. Their work
presents an estimator for the time delay vector which achieves the CRLB, and does not
requires the beamformer process, Their scheme is based on estimating M(M-1)
individual time delays via a pre-filtered correlators. The vector t is obtained by alinear

combination of the individual time delays. The covariance matrix for the time delay



vector for this estimator, assuming that the SNR is the same for all the sensors, is given

by:
2

S
t :CRLBt :?[I M—l+1M—11M—lT] (12)

Where: |, is the MxM ldentity matrix, 1, is an M-dimensional vector of ones,

, &, Mr (I o
s2= 8%?( 1)°r "D arm M(zl) and r(1)° S(I)/N(l) denotes the SNR at the

frequency (W.l).

In the following it shall be assumed that L, is given by Eq.(12) i.e. efficient
estimate of t,

In appendix B we derive L, for suboptimal time delay estimator via only (M-1)

correlators, using one sensor as a reference sensor i.e. an efficient estimate is only
obtained for the separate pairwise delays. It is shown that for sufficiently high SNR this

estimator also achieves the CRLB.
First, the covariance matrix of the direction vector k is calculated,
From Eq.(6)
Nk =cB (13)

and therefore

L, =E{kk"} =BL,B"c? (14)
Using the definition of B in Eq.(6) and applying some algebraic simplifications yields,

L, =(RLYRT) e (15)

Applying the matrix inversion lemmato EQ.(12) it can be written that



7

L, 26¢é 1,.1,.'0
Lt =zd e 00 (16)
t € u
From the definitions of R in Eq.(3) it follows that
R=[-1y, | M—l]P (17)
Where P is the sensor position matrix defined by:
éx, ¥ zU
P=[xy.2=8: : g (18)
éXM yM ZMé

Substituting EQ.(16) and EQ.(17) into EQ.(15) yields after some algebraic

manipulations:

(0] 2
-~ S
T —2t c?.
o]

(19)

Assuming without any loss of generality that the coordinate origin is in the
center of gravity i.e. PT1, =0 we finaly get the simple expression for the DOA

Vector covariance matrix,

L, :(PTP)'lS—tzcz

2 (20)

In the following, the expressions for the accuracy of the azimuth and elevation TDDF

estimations are derived and compared to the CRLB which is cited in appendix B.



A.1 A linear (1-D) array configur ation

Forthe 1-D case g =f , and k =k, = cos(f ). Thus

2
1 . %cz inserting into Eq.(11) gives

N,g=-¥sinf);and L, =

o

2
, 1 s

=~ St 21
> T EniH)ax 2 ° (21)

The CRLB for the 1-D case is given by: CRLB(f):]/Jff (see appendix B).

Substituting  yi=z=0 in this expressions yields:

2

S 2
CRLB(f)=——%——=¢C
®) sin’(f)a x> 2
As can be observed this expression is identical to the right hand side of Eq.(21),
indicating that the TDDF estimate achieves the CRLB in this case.

A.2 A planar (2-D) array configuration

From Eq.(2) and Eq.(8) the Jacobian N, g isgiven by :

- 1 g sin(f )cos(q) cos(f)cos(q) g

N0 = "sin(g) cosla) & cos(f)sin(g) - sin(f)sin(@)¥ (22)

Inserting EQ.(22) and Eq.(20) into Eq.(11) yields,



sz . :2|_ COSZ(f )é_ Xi2 +°2COSC()f )sm(f Zé_ X yi2+ Sinz(f )é. y|2 S_tzczl (2361)
sin“(q) & xa y2- (& xy) 2

and

in?(f )& x2- 2cos(f )sin(f )& xy, +cos’(f )& y? s
s2=— L Sm(fax - 2codf)snf)axy +eos(f)ay Sc o oy
cos’*(q) axa yiz-(a xiyi) 2

Applying a lengthy but straightforward evaluating of the expressions for the CRLB
Eqg.(Al) for both the azimuth and the elevation angles for the 2-D arrays, i.e. z=0;
shows that they are identical to Eq.(23). Thus, it is concluded that the TDDF
algorithm is a statistically efficient estimator for 2-D array, which reaches the CRLB. It

is important to note that no constraints on the array geometry were applied.

A.3 A spatial (3-D) array configuration

The estimate of g =(f,q) for the 3-D array case involves a nonlinear LS
minimization Eq.(9). An alternate close form close-form suboptimal estimator was
suggested in  Eq.(10). Here we calculate the performance of the sub-optimal
estimator and derive the conditions on the array geometry that guarantee statistical
efficiency (achieves the CRLB) .

From EQ.(2) and EQ.(10) the Jacobian ng isgiven by :

é sin(f) cos(f ) 0 U

N.g = g sin(q) sin(q) g (24)
&oos(q)cos(f ) cos(@)sin(f) - sin(@)g

Using Eq.(11) and Eq.(15)

. s . RN T
s, —Zsinz(q)[sm(f) cos(f) O|(P"P) [sin(f) costf) 0, (25a)




and

2.2
SZ_StC
a2

[cos(@) cos(f ) cos(@)sin(f)) - sin(@)](PTP) " x

[cos(q)cos(f) cos(q)sin(f)) - sin(q)]T

(25b)

In general this estimator is not efficient. However if the array obeys the following

geometrical conditions.

é— X Yi :é- X Z, :é- Yz, =0

o o 27
ax =ay’ &0
then the variance of the azimuth angle estimation is given by
1 1 s/
2 - _ 5 St 2 28
e @ax 2° (28)

Evaluating the CRLB for the azimuth estimate under the same condition yields an
identical expression. Thus, under the conditions outlined in Eq.(27), the TDDF
algorithm is also an efficient estimator for the azimuth angle. When studying the
conditions for uncoupled estimates of azimuth and elevation angles, Nielsen'® has also
reached the same conditions given in Eq.(27), and gave a few examples of 3-D arrays
obeying these constraints.
If we further constrain the array geometry and require a fully balanced array
configuration, which obeys the following condition,
ax=az (29)
in addition to the conditions outlined in EQ.(27), it can be shown that for the elevation

estimate,

2 1 St2 2
Si=g e o C “CRB, (30)




Thus, under the above conditions the TDDF algorithm achieves the CRLB for both
the azimuth and the elevation angles, and is therefore an asymptotically efficient

estimator.



Appendix B- CRL B for the azimuth and € evation angles

Nilsen'® derived analytic expressions for the Cramer Rao Lower Bound for
the estimation errors of the azimuth angle f and the elevation angle g, using 3-D

arrays.

CRLB(q) = J;; /( it Joq - J:)

CRLB(f) = Jy /(3¢ I - I7) D

where

3 =Gsn*(@)a [ sin(t) - v, cos(t)]’

Jgg = Gg [, cos(f )cos(@) + y, sin(f ) cos(q) - z, sin(q)]”

Jiq = GsiN(@)a [x;sin(f) - y; cos(@)][, cos(f) cos(a) +, sin(f ) cos(@) - 7 sin(a)
Lmax Mr 2(|)

G=a WD

In these expressions the coordinates origin is in the center of gravity of the array, i.e.
ax=ay=az=0

and the coordinate systemis givenin Fig. 1



Appendix C Suboptimal estimation for the time delays

vector

In this appendix we consider a suboptimal estimation of the time delays vector
which estimates only M-1 time delays between the first sensor relative to all the other
sensors in the array. Each time delay estimation is the based on the data of these two
sensors only, and ignores the fact it is part of an M sensors array. Efficient estimate
for the time delay between two sensors can be obtains by maximizing the generalized
cross-correlatiory.

Based on the derivation in® the covariance matrix of this estimator is given by:

alL+2r : r

u

L= 1 Ke,"axz(wol)zrzg . 1+2r . . 3 @)
g ) e i
a2yl é v
1A b é 1+2rg

In general this estimator does not achieves the CRLB, however for high SNR case
2r >>1 it can be seen that

1
L, » }%nax—[l w1t 1M—11M—1T]
2xq (wyl)’r

k=1
Evaluating the CRLB, asgiveninequation Eq.(12) for the high SNR case yields

the same expression. i.e. for agood SNR case the suboptimal time delays estimator
achievesthe CRLB, .
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Figure Captions

Figure 1: Schematic representation of the model and the coordinate system used here.

Figure 2: (a).The 2-D array geometry consisting of 7 randomly located microphones,
which was used in the first two numerical simulations. (b) The 3-D array geometry,
which was used in the third numerical simulation and the experimental measurements.
(c) The 2-D array consisting of 3 microphones which was used in the last numerical

simulation.

Figure 3: Azimuth estimation errors of the simulated 2-D array, as a function of the
SNR. The source is positioned at an azimuth of 60° and an elevation angle of 30°. The
solid line is the CRLB. The dots depict the magnitude of the errors of the first 25
individual runs (out of the 500 used). The circles depict the standard deviation of the

TDDF estimator

Figure 4: The errors of the TDDF algorithm for the azimuth (@) and elevation (b) as a
function of the azimuth, for the 2-D array shown in Fig. 2(@). The SNR is -6 dB, the
elevation angle is 50°. The solid line is the CRLB, the circles depict the standard

deviation of the TDDF estimator



Figure5: The errors of the TDDF algorithm for the azimuth (@) and elevation (b) as a
function of the elevation angle, for the 3-D array shown in Fig.2(b). The SNR is -6
dB, the azimuth is 20°. The solid line is the CRLB. The circles depict the standard
deviation of the TDDF estimator, and the analytic variance expressions (EQ.23) are

depicted as‘+'.

Figure 6: Azimuth estimation errors of the 3 microphone 2-D array used in the last
simulation, as a function of the SNR. The source is positioned at an azimuth of 30°.
The standard deviation of the TDDF estimate are depicted by ‘*’ and the standard

deviation of the Beamformer is plotted by ‘o’.

Figure 7 : Experimentally measured azimuth errors of the TDDF algorithm as a
function of the azimuth using the 3-D array. The source was a speech signal played
from a loud speaker 1.5m" away from the array. The circles ‘0’ denotes the results
measured in an unechoic chamber, and the ‘*’ indicates the results measured in an

ordinary room.
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